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We prove the inequality C, > 7 (n - 6) pn < II - 12 for any 3-dimensional polytope 
with I: vertices and p, n-sided faces, such that 1 n p 6 pfl > 3. The polytopes satisfying 
x,,>, (n - 6) pn = v  - 12 are described and an interpretation of our results is given 
in terms of density of n-sided faces in planar graphs. 0 1987 Academic Press, Inc. 
1. THE MAIN RESULTS 
Let P be a 3-dimensional polytope with u vertices and pt2 n-sided faces. If 
nz is the largest number of edges on any face of P, the vector (p3,..., pm) is 
called the p-vector of P. We say that P is simple if every vertex of P is 
incident with exactly three edges. 
The problem of characterizing the p-vectors of 3-polytopes is an old and 
intractable problem. Our purpose in the present paper is to give a new 
condition for p-vectors: 
THEOREM 1.1. If a 3-polytope satisfies C, a 6 pn 3 3, then C, a 7 (n - 6) 
pn6v- 12. 
Our theorem is a generalization of a result of Barnette: 
THEOREM 1.2 [ 11. If a simple 3-polytope satisfies Cnd7 p, > 3, then 
P6~2+4PJ-qP5-C”>7Pn. 
(Also see [4] for related results.) Using Euler’s relation, the statements 
of Theorems 1.1 and 1.2 are easily seen to be equivalent for simple 
3-poiytopes satisfying C,, >, 7 p, , > 3. On the other hand it does not seem 
that Theorem 1.1 can be deduced from Theorem 1.2 by standard operations 
like truncations. 
In Section 3 we shall prove the following theorem, which is clearly 
equivalent to Theorem 1.1 by Steinitz’s theorem [a]. 
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THEOREM 1.3. If a 3-connected planar graph satisfies Ena6 P,~ > 3, then 
C,1~7(n-66)~,,~~-lf2. 
Our proof of Theorem 1.3 allows us to characterize the 3-connected 
planar graphs satisfying C,, >, (n - 6) P,~ = u - 12. For convenience sake, we 
restrict ourselves to the case C,, a 6 P,~ 3 4. 
We first describe: 
CONSTRUCTION 1.4. 
(1.4.1) Consider a 3-regular 3-connected planar graph G,. 
(1.4.2) Make successive truncations of G, at all its vertices: all the 
faces created by this operation are triangles. 
(1.4.3) Additional truncations are allowed if they correspond to sub- 
divisions of triangles created in operation (1.4.2). 
EXAMPLE 1.5. We show how Construction 1.4 can be applied starting 
from the graph of the tetrahedron in Fig. 1. 
THEOREM 1.6. All the 3-connected planar graphs obtained hi, applying 
Construction 1.4 sati&: C,, a 6 p,, > 4 and C,, >, (n - 6) p,, = v - 12. 
Converse1.y all the 3-connected planar graphs satisjj+lg C,, a b p,, 3 4 and 
c ,?>, (n-6)=0- 12 are obtained by applying Construction 1.4 to some 
3-regular 3-connected planar graph. 
2. DEFINITIONS AND NOTATION 
In all of this paper, G denotes a 3-connected planar graph with vertex set 
3” and face set 9, X is a subset of 9 and x’ is its complement in 9. We 
define the vertices (resp. the edges) of X as those belonging to some face of 
X. An edge of X is interior if it belongs to two faces of X. The boundary of 
X is the set of noninterior edges in X. 
We use the notation v(X), e(X), f(X), p,,(X) for the number of vertices, 
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edges, faces, n-sided faces of X. If X= .S, these numbers are simply written 
0, e, f, P,. 
We say that X is corznected if for every two vertices V and V’ of X, there 
exist edges &,..., E, of X such that VE E,, VIE E, and for all i, 
O<i<k-1, E,nE,+, is a vertex ofX. 
We denote by h(X) the number of “holes” in X, i.e., the number of con- 
nected components in x”: we have h(X) > 1 if x’ # 121. For instance, if G is 
the graph shown on Fig, lc, and if X is the set of nontriangular faces in G, 
we have h(X) = 6. We say that X is face-connected if for every two faces F 
and F of X, there exist faces F,,..., Fk of X such that F, = F, F, = F and for 
all i, Odidk- 1, Fin F,,, is an edge of/I’. 
A block in X is a couple 9? = (V, Y) where I/E I - and Y is a nonempty 
subset of X, such that: 
(2.1) Y can be written {F ,,..., F,), k> 1, with VE F, and for all i, 
1 <i<k- 1, F,nF,+, is an edge of X that contains V. 
(2.2) Y is inclusion-maximal with property (2.1). 
The vertex V is called the base-point of .9?. We distinguish three types of 
blocks: 
If E;, n F, is also an edge of X that contains V, i.e., Y is an interior point 
in X, we say that S? is a O-block. We say that 98 is a I-block if k = I, and 
that $9 is a 2-block if k > 2 and g is not a O-block. The number of i-blocks, 
i = 0, 1, 2, is denoted by b,( A’). 
Let v,(X) be the number of vertices in X which belong exactly to one 
face of X”. Let vz(X) be the number of vertices in X which are the base- 
points of at least two blocks in X. Let v3(X) be the number of vertices in X 
which are the base-points of exactly one block in X and belong to at least 
two faces of x’. 
We remark that u(X) = b,(X) + v,(X) + v?(X) + v3(X). 
3. PROOFS 
In all this section we suppose that we are given a fixed proper subset of 
9. For the sake of simplicity we drop the x”s in the notation b,(X), o,(X), 
and Z?(X). First, we need a variant of Euler’s relation for X. 
LEMMA 3.1. Zf X is face-connected, then 
f(X) + h + 6, + b, + b, = e(X) + 2. 
Proof. We restrict our attention to the vertices and edges of X. For 
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FIGURE 2 
each vertex V of X that is the base-point of at least two blocks, we make 
the transformation shown on Fig. 2 (the faces of X are dotted). 
We obtain a connected planar graph G’ with (bO + h, + bz) vertices, e(X) 
edges and (f(X) + h) faces. We then apply Euler’s relation to G’. 1 
LEMMA 3.2. Assume f (X‘ ) 3 3. Then 
3b,+2u,+2v2+u,de(X)+ c (n-3)pJX). (3.2.1 ) 
t1 t 3 
Proqf: First, we suppose that X is face-connected. We remark that 
vI 6b, (3.2.2) 
and 
hence 
(3.2.3) 
3b, + 2u, + 24 + v3 ,< 3b, + b, + 2b,. 
On the other hand, an easy calculation leads to 
(3.2.4) 
24X) = c rip,,(X) + b, + bz. 
II > 3 
Thus 
e(X) + 1 (n - 3)p,,(X) = 3e(X) - b, -b, - 3f(X) 
n>3 
= 3bo + 2b, + 26, + 3(h - 2), 
by Lemma 3.1. Combining with (3.2.4) we obtain 
3b, + 2v, + 2v, + v3 d e(X) + c (n - 3) p,,(X) -b, - 3(h - 2) 
II 2 3 
160 JEAN-PIERRE ROUDNEFF 
and (3.2.1) is realized if 12 > 2. If h = 1, the boundary of A’ is a cycle C (not 
necessarily elementary). Whenf(X’) > 3, we remark that at least three faces 
of x’ have an edge on C. (If it were not the case, G would not be 3-connec- 
ted.) Since C is a cycle, there exist at least three blocks whose base-points 
belong to at least two faces of x”, so that 
Ul<b, -t/?-3. 
Using (3.2.3) and (3.2.5) we obtain 
(3.2.5) 
and (3.2.1) follows by Lemma 3.1. 
In the general case, let X, ,..., A’,, be the face-connected components of X. 
Let II’ be the number of vertices in X, belonging to at least two face-connec- 
ted components of X and being the base-point of at most one block in each 
A’;. We have 
fJ,= f hl(X,), 
,=I 
We deduce 
3h, + 20, + 24 + u3 d 5 ~3h,(~,) + 2u,(~,) +24x,) + u3(~i)~ 
i= I 
1,1 
d 1 e(Xi)+ C (n-3)Pn(X,) 
i= I t1 2 3 I 
so that 
3h,+2u, +2v,+v,<e(X)+ c (n-3)pJX). 1 
,1 2 3 
Remark 3.3. We can describe the cases for which equality 
3h, + 2u, + 24 + u3 = e(x) + 1 (n - 3) P,,(X) 
,1 a 3 
(3.3.1 ) 
is attained in Lemma 3.2. 
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First, we suppose that X is face-connected: 
(i) (3.3.1) cannot hold if h > 3. 
(ii) If h=2, an inequality similar to (3.2.5) holds: 11, ,<h, + h,-2 
and (3.3.1) cannot be achieved, as is easily seen. 
(iii) If h= 1, (3.3.1) holds if and only if /I, =6, -t&-3 and 
v, + 2v, + v3 = 6, + b?. 
These two relations imply (v,, vg) = (0, 3) or ( 1, 1); hence two cases are 
available. See Fig. 3 (the faces of X are dotted and F,, F,, F3 denote three 
pairwise distinct faces of J?). We remark that Type 2 is impossible when 
f(.Y’) 3 4. Type 2 is also impossible if X has at least two face-connected 
components: in this case (3.3.1) is achieved if and only if each face-connec- 
ted component Xi of X is of Type 1 and each vertex of X belongs to at most 
two xi’s. 
Theorem 1.3 is a consequence of the interesting inequality given in the 
following theorem: 
THEOREM 3.4. If a 3-connected planar graph satisfies 
c p,,33, then 5v<4e-3p,. (3.4.1) 
tz L 4 
Proof With the preceding notation, we suppose again f(Y’) 2 3. By 
estimating the number of edges in x” in two different ways, we obtain 
V] + 2v, + 2v, + 3(v - v(X)) < c np,,(‘Y). 
n23 
(3.4.2) 
By estimating the number of interior edges in X” in two different ways, we 
obtain 
v3 + 3(v- v(X)) < 2(e-e(X)). (3.4.3) 
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Now, 
S)(X) = 56, + sv, + 50, + 5v, 
= 2(36, + 221, + 2u, + u3) + to1 + 2ul + 2v,) + v3 - (6, + u2), 
By applying (3.2.1), (3.4.2), and (3.4.3), we get 
50(X)62 
( 
e(X)+ 1 (n-3)pn(X) + c np,,(x’)-3u+3o(X) 
n23 > ( n23 > 
+(2e-2e(X)-3u+3u(X))-(b*+u~) 
which can also be written 
5u<2e+2 1 (n-3)p,,(X)+ 1 n~,,(Xc)-(b,+u,+(v-v(X))). 
II 2 3 n$3 
And a trivial majoration leads to 
5u<2e+2 C (n-3)pn(J7+ C nP,,(X’). 
?I 2 3 ‘I $ 3 
(3.4.4) 
Theorem 3.4 is obtained by taking for X the set of the triangular faces of G 
if this set is nonempty 
5ud2e+ C np,, 
,I D 4 
and 5u < 4e - 3p, follows since 2e = C,z a 3 np,,. Finally if p3 = 0, the result is 
immediate since v d $e holds for any 3-connected planar graph. 1 
Proof of Theorem 1.3. Euler’s relation for G may be written 
60=3p3+3 1 (n-2)p,,+ 12. 
II 2 4 
As (3.4.1) may also be written 
3p,>5v-2 1 np,,, 
n>4 
we have by substitution 
6v>5v-2 1 np,+3 2 (n-2)p,+12 
n24 na4 
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or 
n;4(n-6)p,W2. (3.4.5) 
Let us now triangulate the 4- and 5-sided faces of G: we obtain a 3-connec- 
ted planar graph G’ with u(G’)=v and p,,(G’)=p,,, ~36. Since 
~na4pn(G’)=~,26pn33, we may apply (3.4.5) to G’ and we get 
n&(n-66)p,,~a-12. I 
Proqf of Theorem 1.6. Let G be obtained from a 3-regular 3-connected 
planar graph G, by the operations (1.4.1) and (1.4.2). We have 
v = 3v( G,), (3.4.6) 
~zrn=~m(Gd for each rn 3 3, 
Pn=O if n is odd and nf3, 
so that 
Thus, 
,,-& (n - 6) P,! = 1 (2m - 6) PAGO) 
ma3 
=44Go)-6f(Go) 
= 4e(Go) 6(e(G,) + 2 - - u(G,)) 
by Euler’s relation. Since G, is 3-regular, 2e(G,) = 3v(G,), so that 
.F;, (n - 6) in = 3u(G,) - 12 
=u-12 by (3.4.6). 
This equality being clearly preserved by operation (1.4.3 ), the first part of 
Theorem 1.6 is proved. 
Conversely let G be a 3-connected planar graph satisfying 
1 p,34 and ,,F, (n - 6) P,, = u - 12. (3.4.7) 
n36 
5XZb:42/2-3 
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It is well known that any 3-polytope P contains at least one 3-, 4-, or 5- 
sided face: thus the set X of triangles in the graph G’ defined in the proof of 
Theorem 1.3 is nonempty. 
For (3.4.7) to be achieved, each inequality in Lemma 3.2 and 
Theorem 3.4 has to be an equality. 
By Remark 3.3, all face-connected components of X are of Type 1. 
Moreover we must have 
and 
b,=u,=u-u(X)=0 by (3.4.4) 
v3 = 2(e - e(X)) by (3.4.3). 
Clearly, each vertex of G belongs to both X and x’, the face-connected 
components X, of X are vertex-disjoint and in each Xi, three vertices 
belong to exactly two faces of x’ while the others belong to only one face 
of x’ (see Fig. 4). Let G, be the graph obtained from G by contracting into 
a single point each face-connected component of X, i.e., the vertex set of G, 
is {X, ,..., X, 3 and two X,‘s are adjacent in G, if and only if there is an edge 
in x’ between these two X,‘s. G, is a 3-connected planar graph except in 
the case where some face F of x’ touches only two face-connected com- 
ponents of X. But in this case we would have for G, the graph shown on 
Fig. 5; hence C, a 6 p, d 3: A contradiction. 
Thus, we conclude that G’ and then G are obtained from the simple 
3-connected planar graph G, by Construction 1.4. 1 
Remark 3.5. The above proof also shows that the 3-connected planar 
graphs satisfying C, a 7 (n-6)p,,=u- 12 and Cn2,6pn=3 are obtained by 
applying operation (1.4.3) to the graph of the 3-prism. 
FIGURE 5 
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4. THE DENSITY OF H-SIDED FACES IN PLANAR GRAPHS 
Let us count for each vertex V the number a,,( I’) of n-sided faces 
containing I’. The average of the numbers (a,,( I’)),, , is denoted by a,,. 
We have a, =np,/v and a, can be considered as an estimate of the 
density of n-sided faces in G. It is very easy to show 
THEOREM 4.1. Any 3-connected planar graph satisfies: a,, < 2n/(n - 2). 
More precisely, p,, < (2v - 4)/(n - 2), with equality if and only ifall faces are 
n-sided. 
The upper bound 2n/(n-2) is the best upper bound available for 
n = 3, 4, 5, 6. A little more precise study leads to 
THEOREM 4.2. Any 3-connected planar graph G satisfies: a,, < 
3n/(2n - 6), n 3 4. More precisely, pI1 < (3~ - 12)/(2n - 6), n 3 4, with 
equality if and only if G is 3-regular and all its faces are 3- or n-sided. 
Constructions show that the upper bound 3n/(2n - 6) is the best possible 
bound for 6 < n < 12. Theorem 1.3 and the study of the 3-connected planar 
graphs with C, 2 6 P ,, 6 2 yield a third upper bound for a, : 
THEOREM 4.3. Any 3-connected planar graph satisfies 
n 
a <----- n n-6’ 
n 3 7. 
For n 3 12 the upper bound n/(n - 6) is better than both bounds 
2n/(n - 2) and 3n/(2n - 6). 
Moreover, Construction 1.4 and Theorem 1.6 can easily be applied to 
show that n/(n - 6) is the best upper bound available for n 3 12. Thus, the 
problem of finding the maximum density of n-sided faces in 3-connected 
planar simple graphs is completely solved. The preceding results concerning 
a, generalize to infinite graphs: for strongly balanced tilings (see [3]) we 
have the following inequalities: 
for 3 dn66, 
3n 
a,<----- 
2n - 6 
for 66n612, 
n 
a,<-- 
n-6 
for 126n. 
EXAMPLE 4.4. The particular role of the values n = 6 and n = 12 clearly 
appears in the next construction. 
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n=6 
n=7 
n = 12 
n = 13 
FIGURE 6 
Starting from the regular hexagonal tiling H, we can make successive 
truncations of certain vertices in H in order to obtain only 3- or n-sided 
faces and to get: a, = 3n/(2n - 6), n 3 6. This operation is possible until all 
vertices in H have been truncated, that is until n = 12, where the 
semiregular tiling with dodecagons and triangles is obtained. Then further 
truncations lead to n > 13 and a, = n/(n - 6). (see Fig. 6.) 
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